We analyze the characteristic series, the KO series and the series associated with the Witten genus, and their analytic forms as the q-analogs of classical special functions (in particular q-analog of the beta integral and the gamma function). q-series admit an analytic interpretation in terms of the spectral Ruelle functions, and their relations to appropriate elliptic modular forms can be described. We show that there is a deep correspondence between the characteristic series of the Witten genus and KO characteristic series, on one side, and the denominator identities and characters of N = 2 superconformal algebras, and the affine Lie (super)algebras on the other. We represent the characteristic series in the form of double series using the Hecke-Rogers modular identity.
Introduction
There is a deep connection between representation theory of superconformal Lie algebras, which relies on important vertex operator algebras, and their homologies, on one side, and elliptic genera on the other. This manifests itself in the fact that q-series elliptic genera can be expressed in a quite universal way in terms of q-analogs of the classical special functions, in particular the spectral Ruelle functions [1, 2] . In this paper we would like to call the reader's attention on this connection by reviewing the mathematical aspects associated with it and certain physical applications. Explaining the organization of our paper gives us simultaneously the opportunity to introduce its main characters.
Sect. 2 is devoted to collecting prototypes of elliptic genera and examples. Our aim is to show that the algebraic structure necessary to construct the elliptic genus can be expressed (in a generic way) in terms of Ruelle (Selberg-type) spectral functions of hyperbolic geometry.
In Sect. 3 we consider a central concept of the paper, the characteristic series of elliptic genera, a natural topological invariant which generalizes the classical genus. We will establish several results from classical analysis and among them the classical limit for characteristic q-series of the elliptic genera considered in the paper. We show that the characteristic series of the Witten genus and the so-called KO characteristic series admit an analytic interpretation in terms of the spectral Ruelle functions. Furthermore we point out the coincidence of characteristic series as the q-analogs of some classical special functions, in particular q-analogs of the beta integral and the q-gamma function.
In Sect. 4 we concentrate on (super)denominator identities and the characters of N = 2 superconformal algebras (Sect. 4.2). We represent generating functions in the form of double series using the Hecke-Rogers modular identity. The classical functional equations for the Ruelle spectral functions and the modular forms in question can be used to deduce the transformation properties of supercharacters of the N = 2 superalgebras and denominator identities associated with the highest weight representations of affine Lie (super)algebras (see Sects. 4 
.2 and 4.3).
Finally, in Sect. 5, we briefly summarize our main conclusions. The characteristic series and denominator identities can be converted into q-product expressions which can inherit the homology properties of appropriate superconformal Lie algebras.
To complete this introduction let us summarize our main results:
• The characteristic series (KO series and series associated with the Witten genus) has the form of q-analogs of classical special functions, in particular q-analogs of the beta integral and the gamma function. These q-series admit an analytic interpretation in terms of the spectral Ruelle functions and helps describing their relations to appropriate elliptic modular forms.
• We show a profound correspondence between the characteristic series of the Witten genus and KO characteristic series, on one side, and the denominator identities and characters of N = 2 superconformal algebras, and the affine Lie (super)algebras A and gl(m, n), on the other.
• We represent the characteristic series in the form of double series using the HeckeRogers modular identity. The main techniques we use involve spectral functions of hyperbolic three-geometry. These machinery allows us to derive interesting new results (or rederive important old results) in superconformal field theory with it responses to three-dimensional quantum theory.
Prototypes for elliptic genera
For a holomorphic vector bundle E on X and a formal variable z we use the following definitions
These formulas have good multiplicative properties and their elements should be understood as elements of the K-theory of the underlying space [3] :
In Eqs. (2.3), (2.4) we have used the facts that Sym
In the case of a line bundle L, we have 5) and therefore (S q E) −1 = Λ −q E for any vector bundle E, and similarly (Λ q E)
Example: the Chern character. For the Chern polynomial c(T X) = j (1 + ζ j ) the resulting Chern character is
where q = exp(2πiτ ), ̺(τ ) = Re τ /Im τ and ζ j = z j log(q). The Ruelle zeta-functions R(s) is a ratio of so-called Patterson-Selberg zeta-functions (see for example [1] ); it is defined for Re s ≫ 1 and can be continued to a meromorphic function on the entire complex plane C. Its value R(0) computes the L 2 -analytic torsion of the hyperbolic three-manifold. One has the infinite product identities [4, 1] : 8) where
3 Elliptic genera and their characteristic q-series
There are various applications of modular forms in topology and physics, the elliptic genus and its generalizations being one of them. Let us recall some examples of genera:
• The Todd genus. Its characteristic series is the formal power series z/(1 − e −z ) =
where the B j are Bernoulli numbers. The Todd genus of a stable almost complex manifolds is an integer.
• The A genus. Its characteristic series is: (z/2)/sinh (z/2) ≡ z/(e z/2 −e −z/2 ). This genus is an invariant of oriented manifolds and has the property that it assumes integral values on manifolds that admit a Spin structure.
• The Witten genus ( [5, 6] ) is the genus with characteristic series
where ζ = z log(q). It is an even function of the variable z and defines a cobordism invariant of oriented manifolds. When applied to manifolds that admit a Spin structure it takes values in Z [[q] ].
• In [5] a genus χ of Spin manifolds with so-called KO characteristic series
has been introduced. If τ is a number in the complex upper half-plane, ̟ ∈ C, and
3) which vanishes to first order of ̟ at each of the points of the lattice 2πi(1 + τ )Z.
] be the complex orientation, where XU 2p is the bordism spectrum of manifolds X with complex tangent bundle and trivializations of c 1 , . . . , c p−1 , so XU 2 = XU (see for detail [7] ). This complex associates to a manifold X of complex dimension d the genus Td
In addition its K-theory Euler class takes the form [7] Φ(x, q)
Eq. (3.4) (with relationship analogous to the relation between Todd genus andÂ genus) is a version of the Witten characteristic series. As it has been explained in [7] , the orientation (δΦ) ♯ maps a manifold X of dimension d to the genus
This is one of the standard formulas for the two-variable elliptic genus.
Remark 3.1 We recall briefly some well known examples of vertex operator algebra bundles which have been used in the literature to study the elliptic genus and the Witten genus. If X is a Riemannian manifold, then the transition functions of the complex tangent bundle T C X lie in the special orthogonal group SO(d), where d is the dimension of X. Then
is the level one module for the affine algebra D
If X is a spin manifold and in addition the characteristic class of bundles c 2 (X) is trivial, then the Witten genus of X admits a q-expansion as a modular form for the group SL(2, Z). Thus, the Witten genus of X can be written in terms of spectral Ruelle functions of hyperbolic geometry, as a holomorphic function on the upper half plane Re τ > 0.
q-Analog of the beta integral. For further manipulations of q-series we need recalling some results from classical analysis and, in particular, the q-analog of the beta integral. The beta integral and its important generalization, the integral representation of the hypergeometric function, and their q-analogous are:
, if n is a nonnegative integer. The q-gamma function can be defined by
and hence
In [8] it has been proved that lim
The characteristic series (3.1) (and its inverse analog (3.3)) becomes
So far we have established several results from classical analysis and among them the classical limit for the characterictic series of the Witten genus. In particular the q-analog of the classical result (3.13), (3.14) is its important generalization (3.12).
Remark 3.2 Next let us consider the following integral [9] :
.
(3.15) In the case a = q z+1 we get
Then the characteristic series (3.1) becomes
The classical limit of (3.17) coincides with (3.14) (it is clear that lim q→1 − I(q z+1 ; z) −1 = 1).
Weyl character and denominator formulas
One of the most important features of group representations is the modular invariance of their Kač-Weyl character formula, which allows us to derive many new results and to unify many important results in topology. Let us recall that the Weyl character formula in representation theory describes the characters of irreducible representations of compact Lie groups in terms of their highest weights. The precise statement is: The character of an irreducible representation V of a complex semisimple Lie algebra g is given by
Here W is the Weyl group, ∆ + is the subset of the positive roots of the root system ∆, ρ is the half sum of the positive roots, λ is the highest weight of the irreducible representation V , ε(w) is the determinant of the action of w on the Cartan subalgebra h ⊂ g and this is equal to (−1) ℓ(w) , where ℓ(w) is the length of the Weyl group element, defined to be the minimal number of reflections with respect to simple roots such that w equals the product of those reflections.
In the special case of the trivial one-dimensional representation the character is 1, so the Weyl character formula becomes the Weyl denominator formula:
For special unitary groups this is equivalent to the expression σ∈Sn sgn(σ) X (1 − e −α )
are called the Weyl denominator and the Weyl superdenominator of g, respectively [10] . Here the set of roots ∆ = ∆ 0 ∪ ∆ 1 can be represented as a disjoint union of two subsets, called the sets of even and odd roots respectively. We introduce also the so-called affine denominator by
A denominator identity for the case of affine Lie algebras is equivalent to a Macdonald identity, while for the simplest case of the affine Lie algebra this is the Jacobi triple product identity.
Recall that in case of affine Lie algebras, g = g(A), where A is of finite type. The Cartan matrix of g is A = (a ij ) i,j=1,...,n , (a ii = 2, a ij ≤ 0, a ij = 0 if and only if a ji = 0), a 00 = 2 and a 0i = −2(θ, α i )/(α i , α i ), a i0 = (θ, α i )/(θ, θ), a unique maximal root θ ∈ △ + . The formal expression for the partition function K of affine Lie algebras is [11] α∈△
where h is the Cartan subalgebra of g, △ ⊂ h * is the root system, △ + is the set of positive roots. K is defined on h * . Since (1 − e −α )
is the number of partitions of β into sum of positive roots, where each root is counted with multiplicity.
Infinite series generating functions
The Hecke-Rogers modular form identity. It has beed recognized by E. Hecke [12] and L. J. Rogers [13] that certain modular forms could be represented by combinations of the following double series:
Here H, L are linear forms, Q is an indefinite quadratic form and Ω is some subset of Z × Z.
The deepest results on this topic has come from [14, 11] where a number of identities in the representation theory of Kač-Moody Lie algebras has been obtained. An interesting family of modular functions satisfying Rogers-Ramanujan type identities for arbitrary affine root systems has been obtained in [15] . Extensive work in the theory of partition identities shows that basic hypergeometric series provide the generating functions for numerous families of partition identities.
Infinite double series. Let us introduce the folloving functions: a 2 , a 3 , a 4 , a 5 ; q) := (−1) n+k q a 1 n+a 2 k+a 3 nk+a 4 n 2 +a 5 k 2 , (4.8) a 2 , a 3 , a 4 , a 5 ; q) , (4.9)
The identity
was conjectured by Rogers and has been proved in [12, 11, 16] . We use the Rogers approach to present the characteristic series by combination of double series (see also [17] ).
, (4.13) where log(x) = xlog(q). The right-hand side of the identity (4.13), up to the A genus, coincides with the characteristic series (3.1).
These remarkable functions may be used for other useful identities. Indeed, formula (4.5) for the affine superdenominator D gives (see for detail Example 4.1 in [10] ):
where log(x) = x log(q), log(y) = y log(q). This identity may be viewed as the denominator identity for the N = 4 superconformal algebra. In the case |q| < |q x | < 1 we also can get [10] :
Spectral functions of hyperbolic geometry and modular forms. In many problems, there are numerous instances in which we need an infinite product representation of a generating function. Let us introduce some well-known functions and their modular properties under the action of SL(2, Z).
,(4.17)
where
We also have a set of useful identities:
The classical functional equations for the Ruelle spectral functions and the modular forms in question can be used to deduce the transformation properties of the character modules of N = 2 superalgebras.
N = 2 superconformal algebras
The superconformal Lie algebras give rise to some of the most important vertex algebras. The Neveu-Schwarz (NS) algebra is the simplest among the superconformal Lie algebras. The next simplest after the NS algebra is the N = 2 superconformal Lie algebra. The latter is a graded superalgebra spanned by a central element C, a Virasoro formal distribution L(z), an even formal distribution J(z) primary with respect to L(z) of conformal weight 1, and two odd primary with respect to L(z) formal distributions G + (z) and G − (z) of conformal weight 3/2. The remaining operator products (OPE) can be written as follows:
This superalgebra contains the NS subalgebra spanned by C, L(z) and G(z) = G + (z)+G − (z) and the NS subalgebra spanned by C, L(z) and
In [18, 19, 20] the characters of the irreducible unitary representations of the N = 2 superconformal algebras χ A,P ± (x, y) with C < 1 were computed. For the A, P ± algebras they have been found to be given by
In Eqs. (4.24) and (4.25) X = exp(2πiτ ) ≡ q, log(Y ) = εlog(q). There is a profound correspondence between the characteristic series for the elliptic genus and the characters (and denominator identities) for N = 2 superconformal algebras A, P ± : computing the partition function K(β) (see Sect. 4), Eq. (4.6)) in low rank is equivalent to the following identity [11] :
Eq. (4.30) then gives the denominator identity for the affine Lie algebra A
1 and also for the affine superalgebra gl(1, 1)
(4.31) Such identity can be obtained as a specialization of Ramanujan's summation formula for the bilateral hypergeometric function 1 ψ 1 . Recall that the general bilateral hypergeometric function r ψ s (z) has the form [22] 
it assumes that each term of this serie is correctly defined. The 1 ψ 1 (a, b; q, zq)-summation formula, which is due to Ramanujan, may be written as
Making use replacing x → tq 1/2 , log x = xlog q → log t = (t − 1/2)log q in Eq. (4.31) we obtain the denominator identity for the N = 2 superconformal algebra (cf. Eqs. (4.12) and (4.13)
Concluding remarks
In recent years q-series have attracted new interest in research areas such as topological field theory and Lie algebras, and have stimulated new developments in mathematical areas where q-series are familiar objects. The relationship between Lie algebras and combinatorial identities (the Euler identity, as one of its famous examples) was first discovered by Macdonald. A general procedure for proving combinatorial identities is based on the Euler-Poincaré formula. Usually the Euler-Poincaré formula applies to chain complexes of finite dimensional Lie algebras. In the infinite dimensional case matters can be fixed up by considering polygraded Lie algebras.
The partition functions can indeed be converted into product expressions; certain formulas for the partition functions (and Poincaré polynomials) are associated with dimensions of homologies of appropriate topological spaces and linked to generating functions and elliptic genera. Note that this conclusively explains the sequence of dimensions (distinguished powers) of the simple Lie algebras (see Sect. 4, Eq. (4.6)).
A set of combinatorial identities can be obtained by applying to subalgebras of Kač-Moody algebras. Recall the construction of these subalgebras based on the Cartan matrix (see Sect. 4). From the point of view of the applications, homologies associated with these subalgebras constitute the thechnical basis of the proof of the combinatorial identities of Euler-GaussJacobi-MacDonald.
In various applications of conformal field theory, such as the Witten genus and its characteristic series, KO characteristic series, we have shown that q-series can be expressed in a quite universal way in terms of classical special functions and Ruelle spectral functions related to the congruence subgroup SL(2; Z). These mathematical tools allow us to derive interesting new results (and important old results) in particular in superconformal field theory.
Given the significance of the Ruelle spectral function for the three dimensional hyperbolic geometry, this is a clear manifestation of the remarkable link that exists between all the above and hyperbolic three-geometry. More to the point, the link between two-and threedimensional quantum models manifests itself in the fact that appropriate q-series (such as the characteristic series, the denominator identities, the characters of superconformal and affine Lie algebras) can be expressed in a quite universal way in terms of spectral functions of hyperbolic geometry. Clarifying this connection is an intriguing challenge for the future.
